We give an account of the construction of exterior differential systems based on the notion of tableaux over Lie algebras as developed in [33] . The definition of a tableau over a Lie algebra is revisited and extended in the light of the formalism of the Spencer cohomology; the question of involutiveness for the associated systems and their prolongations is addressed; examples are discussed.
differential systems of Möbius-minimal (M-minimal or Willmore) surfaces and of Laguerre-minimal (L-minimal) surfaces [27, 29, 25] ; the differential systems associated to the deformation problem in projective geometry and in Lie sphere geometry [11, 10, 3, 22, 32, 13] . The tableaux associated with all these examples are constructed by the method of moving frames on the Lie algebras of the corresponding symmetry groups (cf. Section 5.3). If, on the one hand, the presented approach may be seen as a possibility to discuss various involutive systems from a unified viewpoint, on the other hand, it can be viewed as a possibility to find new classes of involutive systems. In this respect, we mention the class of projective surfaces introduced in [33] , which generalizes asymptotically-isothermic surfaces and surfaces with constant curvature of Fubini's quadratic form. An analogous class of surfaces in the context of conformal geometry is discussed in Section 5.3. For an application of the above construction to the study of the Cauchy problem for the associated systems, we refer the reader to [31, 34] .
In this article we revisit the definition of tableau over a Lie algebra using the formalism of the Spencer cohomology and extend it to include 2-acyclic tableaux. This allows also non-involutive systems into the scheme, reducing the question of involutiveness of their prolonged systems to that of the prolongations of the associated tableaux (cf. Section 4).
Section 2 contains the basic material about tableaux. Section 3 introduces the notion of tableaux over Lie algebras. Section 4 presents the construction of EDSs from tableaux over Lie algebras and discusses some properties of such systems. Section 5 discusses some examples as an illustration of the theory developed in the previous sections. Further developments are indicated in Section 6. The appendix collects some facts about the Spencer complex of a tableau and the torsion of a PDS.
Tableaux.
In this section we provide a summary of the results in the algebraic theory of tableaux. As basic reference, we use the book by Bryant, et al. [7] . See also [21] .
A tableau is a linear subspace A ⊂ Hom(a, b), where a, b are (real or complex) finite dimensional vector spaces.
An h-dimensional subspace a h ⊂ a is called generic w.r.t. A if the dimension of
is a minimum. The set of h-dimensional generic subspaces is a Zariski open of the Grassmannian of h-dimensional subspaces of a.
A flag (0) ⊂ a 1 ⊂ · · · ⊂ a n = a of a is said generic if a h is generic, for all h = 1, . . . , n.
The characters of A are the non-negative integers s j (A), j = 1, . . . , n, defined inductively by
for any generic flag (0) ⊂ a 1 ⊂ · · · ⊂ a n = a.
From the definition, it is clear that
If s ν = 0, but s ν+1 = 0, we say that A has principal character s ν and call ν the Cartan integer of A.
The first prolongation A (1) of A is the kernel of the linear map (Spencer coboundary operator, cf. Appendix A)
for F ∈ Hom(a, A), and
The h-th prolongation of A is defined inductively by setting 
Thus every prolongation of an involutive tableau is involutive. Moreover, the principal character and the Cartan integer are invariant under prolongation of an involutive tableau.
It is well-known that A is involutive if and only if [20] 
This notion plays an essential role in the prolongation procedure of a noninvolutive linear Pfaffian system (cf. Kuranishi, Goldschmidt [18, 19] The symbol of (2.1) is the annihilator
EXAMPLE 2. Let (I, ω) be a Pfaffian differential system (PDS) on a manifold M with independence condition ω = 0, where 
The meaning of this condition is that the variety V n (I, ω) ⊂ G n (T M, ω) of integral elements of (I, ω) is described by a system of inhomogeneous linear equations (cf. Appendix B). A linear PDS is described locally by
where c
Once we fix independent variables and take a point of M , we can associate a tableau to the Pfaffian system as follows. At x ∈ M , let V * = span {ω i } and { ∂ ∂ω i } be the basis of its dual V . Further, let W * = span {θ a } and { ∂ ∂θ a } be the basis of its dual W . We define a tableau A ⊂ W ⊗ V * by
The involutiveness of (I, ω) at x is equivalent to the involutiveness of A (algebraic condition) together with the integrability condition V (I, ω) |x = ∅, which in turn is equivalent to the condition c a ij (x) = 0, for each a, i, j ("torsion vanishes at x"). See Appendix B for more on the notion of torsion.
The symbol of (I, ω) is the annihilator
Tableaux over Lie algebras. Let (g, [ , ]
) be a finite dimensional Lie algebra, a, b vector subspaces of g such that a ⊕ b = g, and A ⊂ Hom(a, b) a tableau. Define the polynomial map τ :
where X a (resp. X b ) denotes the a (resp. b) component of X.
REMARK 3.1. A detailed analysis of the examples at our disposal and considerations about the problem of prolongation (cf. Remark 4.1) suggest that condition (1) in the above definition should be replaced by the condition that A is 2-acyclic. As for condition (2) in the definition, it amounts to the vanishing of a cohomology class in the group
H 0,2 (A) = b ⊗ Λ 2 (a * ) δ 1,1 (A ⊗ a * ) .
(cf. Remark 4.1 and Appendix B for the the notion of torsion of a linear PDS). EXAMPLE 3. If
A ⊂ Hom(a, b) is involutive (or 2-acyclic) and g is the abelian Lie algebra g = a ⊕ b, then τ (Q) = 0, for each Q ∈ A, and A can be considered as a tableau over g. Therefore, the concept of tableau over a Lie algebra is a natural (non-commutative) generalization of the classical notion of involutive (or 2-acyclic) tableau. EXAMPLE 4. Let g be a semisimple Lie algebra with Killing form , . Let g = g 0 ⊕ g 1 be a Cartan decomposition. Then
Assume that rank g/g 0 = k and that a be a maximal (k-dimensional) abelian subspace of g 1 . Then g 1 = a ⊕ m, where
Further, let
Then, for any regular element A ∈ a, the maps
are vector space isomorphisms and 
Differential systems associated with tableaux over Lie algebras. Let
A ⊂ Hom(a, b) be a tableau over g and let G be a connected Lie group with Lie algebra g. We set Y := G × A and refer to it as the configuration space.
An adapted basis is generic if the flag
is generic with respect to A.
For a generic adapted basis, let
denote the dual coframe on G. Given a basis
DEFINITION 4.2 ([33]). The EDS associated with A is the Pfaffian system (I, ω) on Y generated (as a differential ideal) by the linearly independent 1-forms
is an integral manifold of (I, ω) if and only if 
If k is the least integer such that
is in involution and its Cartan characters coincide with that of A (k) .
Examples.
In this section, we illustrate the construction developed in Section 4 by discussing some examples.
The PDS associated with an abelian tableau. Let
(1) -system the linear, homogeneous, constant coefficient PDE system for maps
is the first prolongation of A. This system can be written δ 1,1 (dP ) = 0, where δ 1,1 is the Spencer coboundary of the tableau A (recall that δ 1,1 :
is a solution to the A (1) -system if and only if the
As a consequence, we have COROLLARY 5.1. Let P : R k → A ∼ = R m be a solution to the A (1) -system and let y = (y 1 , . . . , y h ) be a primitive of θ (i.e., θ = dy). Then
is an integral manifold of the PDS (I, ω) associated with A. Moreover, every integral manifold of (I, ω) arises in this way. We can conclude that the integral manifolds of (I, ω) correspond to the solutions of the A (1) -system. Moreover, (I, ω) is in involution (as a differential system) and the Cartan characters coincide with those of the tableau A.
5.2.
The PDS associated with a Cartan tableau and the G/G 0 -system. Let G/G 0 be a semisimple symmetric space of rank k and g = g 0 ⊕ g 1 a Cartan decomposition of g. Let (A 1 , . . . , A k ) be a regular basis for the maximal abelian subalgebra a ⊂ g 1 . According to Terng [37] , the G/G 0 -system (or the k-dimensional system associated to G/G 0 ) is the system of PDEs for maps
, where x i are the coordinates with respect to (A 1 , . . . , A k ). 
LEMMA 5.2. A map F : a → m is a solution of the G/G 0 -system if and only if the g-valued 1-form
is an integral manifold of the PDS (I, ω) on Y = G × m associated with the Cartan tableau m ⊂ Hom(a, b). Conversely, any integral manifold of (I, ω) arises in this way.
In conclusion, the integral manifolds of the PDS (I, ω) associated with the Cartan tableau m ⊂ Hom(a, b) are given by the solutions of the corresponding G/G 0 -system. Moreover, (I, ω) is in involution and its Cartan characters coincide with those of the tableau m (i.e., s 1 = n, s j = 0, j = 2, . . . , n). In particular, the general solution depends on n functions in one variable. 
5.3.
Old and new involutive systems in conformal surface theory. In this section we discuss some old and new involutive systems/tableaux arising in conformal geometry of surfaces. We start by recalling some preliminary material. Consider Minkowski 5-space R 4,1 with linear coordinates x 0 , . . . , x 4 and Lorentz scalar product given by the quadratic form
Classically, the Möbius space S 3 (conformal 3-sphere) is realized as the projective quadric [x] ∈ RP 4 : x, x = 0 . Accordingly, S 3 inherits a natural conformal structure and the identity component G ∼ = SO 0 (4, 1) of the pseudo-orthogonal group of (5.1) acts transitively on S 3 as group of orientation-preserving, conformal transformations (see [5] ). The Maurer-Cartan form of G will be denoted by
for all p ∈ U . According to [5] , there exists a canonical Möbius frame field The smooth functions q 1 , q 2 , p 1 , p 2 , p 3 form a complete system of conformal invariants for f and satisfy the following structure equations
(5.6)
The Möbius tableau.
The existence of a canonical Möbius frame field suggests the following construction.
Next, let (A 1 , A 2 , B 1 , . . . , B 4 , C 1 , . . . , C 4 ) be its dual basis and set
2 If g is a canonical frame, any other canonical frame is given by (g 0 , −g 1 ,−g 2 , g 3 , g 4 ).
Consider the 5-dimensional subspace M ⊂ Hom(a, b) consisting of all elements Q(q, p) of the form
. A direct computation yields the following.
LEMMA 5.3. The subspace M is a tableau over g ∼ = so(4, 1).
The PDS associated with the tableau M, referred to as the Möbius system, is the PDS on Y = G × M ∼ = G × R 5 generated by the 1-forms γ 1 , . . . , γ 4 , η 1 , . . . , η 4 , where
with independence condition ω 
is an umbilic free, conformal immersion;
2 → R are the conformal invariants of f .
Willmore surfaces.
Willmore immersions are defined as extremals for the Willmore functional (H 2 − K)dA (H the mean curvature, K the Gauss curvature). They are characterized by the Euler-Lagrange equation
which expressed in terms of the conformal invariants is equivalent to the equation p 1 = p 3 (cf. [5, 30, 39] ). Willmore surfaces can be seen as integral manifolds of the Möbius system restricted to the submanifold of Y given by
Now, it is easy to check that the subspace
defines a 4-dimensional tableau over g ∼ = so(4, 1) with characters s 0 = 8, s 1 = 4, s 2 = 0, and that Y W is the configuration space of M W . Observe also that the restriction to Y W of the Möbius system is exactly the PDS associated with M W .
Other classes of surfaces.
More generally, one could consider the class of surfaces whose invariant functions p 1 and p 3 satisfy a linear relation, that is, are expressed by p 1 (t) = t cos a + b 1 , p 2 (t) = t sin a + b 2 , for real constants a, b 1 , b 2 . This class includes Willmore surfaces as special examples and corresponds to the 4-dimensional affine tableau
Also in this case, an algebraic, direct computation shows that M (a,b1,b2) is involutive. Therefore, by the construction developed in the previous section, the associated PDS is in involution. Its Cartan characters are s 0 = 8, s 1 = 4, s 2 = 0.
REMARK 5.2. Similar arguments have been used in connection with the study of surfaces in projective differential geometry [33] . The same approach can also be used to discuss surface theory in the framework of Laguerre geometry [27] and other classical geometries.
Further developments.
6.1. Continue the program, initiated with the study of several classes of integrable surfaces in projective differential geometry [33] , of identifying the geometry associated to a given tableau/system, i.e., find submanifolds in some homogeneous space whose integrability conditions are given by the PDS associated with the given tableau.
6.2.
Study the algebraic structure of tableaux over Lie algebras to understand when a tableau generates an integrable geometry.
6.3.
Study the Cauchy problem for the associated systems (cf. [31, 34] ).
6.4.
Analyze the characteristic cohomology of a tableau over a Lie algebra, its geometric interpretations, and its relations with the characteristic cohomology of Bryant-Griffiths [8, 9] . APPENDIX A. The Spencer complex. [cf. [7] ] Retaining the notation of Section 2, identify the symmetric product S q (a * ) with the space of homogeneous polynomials of degree q on a. For each v ∈ a, let δ v be the map of
given by partial differentiation w.r.t. v. Let v 1 , . . . , v n be a basis of a, and v 1 , . . . , v n its dual basis. The operator
given by
is independent of the basis, δ 2 = 0, and the sequence of the corresponding bigraded complex is exact except when q = 0 and p = 0.
Let A ⊂ Hom(a, b) be a tableau with prolongations A (h) , h ≥ 0. Consider the sequence of spaces
for integers q ≥ 0 and 0 ≤ p ≤ n. Note that since
but the sequence
is no longer exact for all p and q. The associated cohomology groups
are called the Spencer groups of A, where B q,p (A) = Im(δ q+1,p−1 ) and
A significant result in the subject is that the vanishing of the H q,p is equivalent to involutiveness. Another way of formulating the condition H q,p (A) = (0), for all q ≥ 1, p ≥ 0 is that the sequences
are exact for all k. In particular, we have
δ (A ⊗ Λ k−1 (a * )) .
B. Torsion of a Pfaffian systems.
[cf. [7] ] Retaining the notation of Example 2, let (I, ω) be a Pfaffian system. An admissible integral element E ∈ V n (I, ω) |x is given by
where the fiber coordinates p We also recall the following. LEMMA B.3.
REMARK B.2. Thus, the involutiveness of the tableau A associated to (I, ω) implies both the involutiveness of the tableau A (1) and the vanishing of torsion of the prolonged system (I (1) , ω).
